A zero modes' Fock space F q is constructed for the extended chiral su(2) WZNW model. It gives room to a realization of the fusion ring of representations of the restricted quantum universal enveloping algebra U q = U q sl(2) at an even root of unity, q h = −1 , and of its infinite dimensional extensionŨ q by the Lusztig operators E (h) , F (h) . We provide a streamlined derivation of the characteristic equation for the Casimir invariant from the defining relations of U q . A central result is the characterization of the Grothendieck ring of both U q and U q in Theorem 3.1. The properties of theŨ q fusion ring in F q are related to the braiding properties of correlation functions of primary fields of the conformal su(2) h−2 current algebra model.
Zero modes' fusion ring and braid group representations for the extended chiral su(2) WZNW model
Introduction
The extended su(n) k chiral Wess-Zumino-Novikov-Witten (WZNW) model can be characterized as a non-unitary Conformal Field Theory (CFT) which involves primary states of arbitrary su(n) weights Λ not restricted to the integrable ones (for which (Λ|θ) ≤ k where θ is the highest root) for a positive integer level k . It has been argued at an early stage that the quantum group counterpart of an integer level su(n) k WZNW model is the restricted quantum universal enveloping algebra (QUEA) U q sℓ(n) at q an even root of unity that is factored by the relations
(see [12] , Chapter 4; after intermediate sporadic applications, see e.g. [15] , it was studied more systematically in [8, 5] ). It is a finite dimensional QUEA that has a finite number of irreducible representations but a rather complicated tensor product decomposition, partly characterized by its Grothendieck ring (GR) which "forgets" the indecomposable structure of the resulting representations (see Section 2.3 below for a precise definition, and Section 3.4 for a description of the GR in the present context for n = 2 ). The interest in the GR structure of U q ≡ U q sℓ(2) has been justified by its relation to the fusion ring of the corresponding CFT model. This relation, noticed by a number of physicists at the outbreak of interest in quantum groups in the late 1980's was made precise by the KazhdanLusztig correspondence (of the 1990's) verified for the logarithmic c 1p Virasoro model in [8, 9, 13, 18] and discussed for logarithmic extensions of minimal and sℓ(2) k conformal theories ( [10, 11, 35, 36] ). The present paper considers instead the infinite dimensional
Lusztig QUEAŨ q that includes the operators E (h) and F (h) , whose definition is recalled in Section 2.1, as the true counterpart of the extended chiral WZNW theory.
Our starting point is the algebra of the zero modes a = (a i α ) of a chiral group valued field [1, 20, 23, 14] and its Fock space representation. The quantum matrix a intertwines chiral vertex operators (with diagonal monodromy) and quantum group covariant chiral fields. The resulting quantum matrix algebra A q was studied in the general U q sℓ(n) theories in [16] and [4] . In the U q sℓ(2) case, to which the present paper is devoted, A q is essentially equivalent to the "twisted oscillator algebra" introduced long ago by Pusz and Woronowicz [31] . It is generated by six elements, a i α (i, α = 1, 2) and q ±p , satisfying R-matrix type exchange relations recalled in Section 2.1. The monodromy subalgebra, introduced in Section 2.2, can be identified with the commutant of q ±p in A q . It gives rise to the quantum double that provides, in particular, an extension of U q sℓ (2) . For q h = −1 the relations (1.1) (for n = 2 ) are automatically satisfied in the Fock space F q of A q (with an U q sℓ(2) invariant vacuum vector annihilated by a 2 α ); more precisely,
Thus, F q can be viewed as an U q module. Only a quotient algebra U F q of U q (with an (h + 1)-dimensional semisimple centre) is represented faithfully, however. We shall argue in the present paper that there is a duality between the (irreducible and) indecomposable Fock space representations of the infinite (Lusztig) extensionŨ q of U q and the braiding properties of su(2) h−2 primary fields. (Clearly, as we viewŨ q as an operator algebra in F q , it actually appears as an extension of U F q .) The monodromy subalgebra of A q = A q /R h can be identified with the double cover D of U q (Section 2.2). The algebra A q (as well as its extensionÃ q includingŨ q ) possesses a series of nested ideals I h ⊃ I 2h ⊃ . . . , generated by multiple of h powers of a i α (Section 2.3). Unlike earlier work [14, 4] , here we do not set to zero the maximal ideal I h , thus admitting indecomposable representations of U q in the Fock space representation of A q displayed in Section 2.3.
To make the paper self-contained we review and further elaborate, in Section 3, results of [8, 9] on the Drinfeld map and the centre Z q of U q , and on the realization (3.64) of the Drinfeld image D 2h ⊂ Z q of canonical irreducible characters. We express the central element q hH of U q as a Chebyshev polynomial of the first kind of the Casimir operator C , Eq. (3.15); this allows us to derive in a straightforward manner the characterictic equation P 2h (C) = 0 from the defining relations of U q . The structure of the fusion ring assumes a particularly simple form when written in terms of the homogeneous in a 1 α subspaces V p of the Fock space that are indecomposable U q modules for p > h (see Theorem 3.1 in Section 3.4 where we also characterize the GR ofŨ q ). We prove the statement made in [8] that the quotient of D 2h with respect to the annihilator of its radical is isomorphic to the fusion ring of the unitary su(2) h−2 model (Proposition 3.4).
In Section 4 we display the duality between the structure of the indecomposableŨ q modules V p and that of the braid group modules S 4 (p) of 4-point block solutions of the Knizhnik-Zamolodchikov equation (of su(2) weight 2I p = p − 1 ). This involves arrow reversal in the short exact sequences describing the indecomposable structure of dual representations. A systematic study of what should replace the "Kazhdan-Lusztig correspondence" (of [8, 9] ) between the representation categories ofŨ q and of the su(2) h−2 current algebra is left for future work.
Chiral su(2) zero modes and their Fock space
We first define, in Section 2.1, a i α as U q -covariant (q-deformed) "creation and annihilation operators" and then display, in Section 2.2, their relation to the monodromy of a chiral WZNW field.
The quantum matrix algebra for
We shall be dealing with the quantum universal enveloping algebra (QUEA) U q ≡ U q sℓ(2) defined as a Hopf algebra with generators E , F and q ±H satisfying
with coproduct ∆ : U q → U q ⊗ U q , an algebra homomorphism given on the generators by
and with a counit ε : U q → C and an antipode (a linear antihomomorphism S :
We are introducing a deformation A q of Schwinger's (1952) SU (2) oscillator algebra [34] in which the SU (2) covariance condition is substituted by U q covariance of a i α , i, α = 1, 2 , expressed by the relation
Here the superscript f stands for the fundamental (two-dimensional) representation of
as a result,
The operators q ±p commute with U q , which implies that they are also Ad-invariant, i.e. Ad X (q ±p ) = ε(X) q ±p ∀X ∈ U q . As we shall recall in Section 2.3 below, the eigenvalues ofp play the role of dimensions of the Fock space representations of U q . Note that the U q transformation properties (2.8) of a i α are independent of the upper index i while, in accord with (2.9),p a We shall equip U q with a substitute quasitriangular structure 2 by introducing the series
2 A Hopf algebra A is said to be almost cocommutative (see e.g. [2] ), if there exists an invertible element R ∈ A ⊗ A which relates the coproduct ∆(x) = (x) x 1 ⊗ x 2 to its opposite:
is quasitriangular if R satisfies, in addition, (∆⊗id)R = R 13 R 23 , (id⊗∆)R = R 13 R 12 (note that the last equations fix the normalization of R ). Quasitriangularity implies the Yang-Baxter equation, R 12 R 13 R 23 = R 23 R 13 R 12 , as well as the relations
which plays the role of a universal R-matrix but does not belong to U q ⊗ U q (note that Eq. (2.13) involves a choice, since
has the same properties as R q without being equal to it). One can, following Drinfeld, see e.g. [2] , give meaning to (2.13) and (2.14) by replacing U q with an algebra of formal power series in E, F, H and log q (which would allow, in particular, to define q ± 1 2 H⊗H ) and using an appropriate completion of the tensor product U q ⊗ U q . It is possible, for our purposes, to stay within the purely algebraic setting (and speak instead of a "substitute R-matrix"). Indeed, in any representation in which either E or F is nilpotent and the spectrum of q H only contains integer powers of q (in particular, in all finite dimensional irreducible representations of U q that have a "classical", q = 1 counterpart), R q assumes a finite matrix form with entries expressed in terms of powers of E, F, q ± 1 2 H , the latter generating a "double cover" D of U q (cf. the end of Section 2.2). Evaluating, for example, all factors in (2.13) in the fundamental 2-dimensional representation (2.6), only the first two terms of the sum survive, giving rise to the constant 4 × 4 matrix R := R f q = (R σρ αβ ):
The relations (2.10) can be now reset as (homogeneous) R-matrix relations
and a determinant condition,
the dynamical R-matrix R(p) in (2.16) is given explicitly by
Both (2.16) and (2.17) admit a straightforward generalization to arbitrary n [16] . It turns out that for n = 2 the determinant condition alone implies (2.10).
In the case of interest, when A q appears as an su(2) chiral zero modes' algebra, q is an even root of unity. If h is the height of the su(2) affine algebra representation, equal to the sum of the (positive integer) level and the dual Coxeter number (n , in the case of su(n)), then [16, 17] . For our present purposes only the properties (2.19) will be needed.) The QUEA U q admits for such q a non-trivial ideal generated by E h , F h and q 2hH − 1 I . Factoring U q by this ideal i.e., setting 20) we obtain the restricted QUEA U q (the "restricted quantum group" of [8] ). We shall see in Section 2.3 that the relations (2.20) are automatically satisfied in the Fock space representation of A q for q satisfying (2.19).
As noted in the Introduction, the true counterpart of the extended chiral su(2) h−2 WZNW model is an (infinite dimensional) extensionŨ q of U q which we proceed to define.
Introduce, following Lusztig (see [27] and references therein), the "divided powers" 22) where the q-binomial coefficients defined, for integer a and non-negative integer b , as
23) are polynomials with integer coefficients of q and q −1 . The expressions (2.21) are only defined for m, n < h (as [h] = 0); the relations (2.22), however, make sense for all positive integers m, n and can serve as an implicit definition of higher divided powers. It is sufficient to add just E (h) and F (h) in order to generate the extendedŨ q algebra; their powers and products give rise to an infinite sequence of new elements -in particular,
To derive (2.24), we evaluate expressions of the type
[h] as polynomials in q ±1 and use
The last result is a special case of the general formula [27] 
∈ Z is an ordinary binomial coefficient.
Monodromy and the quantum double
The covariant chiral WZNW field g(x) = {g A α (x)} can be written as a sum of tensor products
For n = 2 , g(x) acts on a state space of the form
Here H p is an (infinite dimensional) su(2) h−2 current algebra module with a p-fold degenerate ground state of (minimal) conformal energy
4h , while V p is a (pdimensional) U q module; u 1 and a 1 raise, u 2 and a 2 lower the weight p by 1 (in particular, u 2 H 1 = 0 , a 2 V 1 = 0 ). The field g(x) and the chiral vertex operator u(x) are multivalued functions of monodromy 29) respectively, where M p is diagonal,
Thus the quantum matrix a intertwines between the U q covariant monodromy M and the diagonal one M p ( [22, 16] ):
in particular, for n = 2 , we have
The braiding properties
require that the deformation parameter q obeys (2.19) (see [25] ). The monodromy matrix M admits a Gauss decomposition written in the form
where M + and M − are upper, resp. lower triangular matrices. The Gauss components M ± obey, as a consequence of (2.27) and (2.33), the exchange relations
Eqs. (2.36) can be viewed (cf. [7] ) as the defining relations of a Hopf algebra (U q b − , U q b + ) compounded by two Borel algebras U q b ± corresponding to the entries of M ± . Restricting attention to n = 2 and setting
we find, indeed, from (2.36) the characteristic relations for the pair of q-deformed Borel algebras,
and the mixed relations
Applying the defining relations for the coproduct, the antipode and the counit
We shall also consider the finite dimensional restricted algebra (U q b − , U q b + ) by imposing the relations
We can view (U q b − , U q b + ) as the (Drinfeld) quantum double regarding the elements of
The proof of the following propositions is analogous to those in [8] .
Proposition 2.1 Given the finite dimensional Hopf algebras
It is given by
where {f νn } is a Poincaré-Birkhoff-Witt (PBW) basis in U q b + :
Proposition 2.2 The mixed relations (2.39) are recovered provided the product XY is constrained by
The double cover D of the QUEA U q of Section 2.1 is obtained from ( − . Similarly, its restriction D , the quotient of (U q b − , U q b + ) for which both (2.43) and (2.51) hold so that, in particular,
is a double cover of U q . Eqs. (2.35) express the zero modes' covariance with respect to D (implying (2.8)).
Fock space representation of
As already noted in Section 2.1, the algebra A q is a q-deformation of Schwinger's oscillator algebra [34] giving rise to a model Fock space for the irreducible representations of su (2) in which a 1 α and a 2 α play the role of creation and annihilation operators, while the eigenvalues ofp will be identified with the dimensions, p = 2I + 1 (for I the "isospin"). We define the U q -invariant vacuum state |1, 0 by
The first relation in (2.53), together with (2.9), (2.10), requires 
The action of a i α on the basis vectors is given by
Their U q properties follow from (2.55), (2.21), (2.8) and (2.53):
We equip F q with a symmetric bilinear form | introducing a "bra vacuum" 1, 0| dual to |1, 0 such that
58) and a transposition (a linear antiinvolution)
The transposition defined on the A q generators by
The relations (2.10), (2.58) and (2.60) allow to compute the inner product of the basis vectors (2.55):
Eq. (2.31) is easily verified to hold on F q with M p given by (2.32) and M obtained from (2.34) (for n = 2 ) and (2.37), (2.51), so that
The U q generators can be expressed, using (2.31) and (2.17), in terms of a j α , cf. [16] :
Eq. (2.59) with A = X ∈ U q then follows, i.e. the bilinear form (2.61) is U q -invariant. The relations (2.63) show that the action of the transposition on the monodromy matrix is equivalent to the standard matrix transposition,
For generic q , i.e. for q not a root of unity, the p-dimensional space V p spanned by |p, m for m = 0, . . . , p − 1 is an irreducible U q module and
is a model space for U q in which every finite dimensional irreducible representation (IR) appears with multiplicity one. (This result was established, more generally, for the U q sℓ(n) Fock space in [16] .) The irreducible components of F q are singled out by the eigenvalues of the (rescaled) Casimir operator
On the Fock space we have
For q satisfying (2.19) and p > h , V p carries an indecomposable representation of U q -it admits U q -invariant subspaces with no invariant complements.
In order to describe its structure we first observe that U q has exactly 2h IRs V ± p , 1 ≤ p ≤ h defined as eigensubspaces of the operator qp :
we shall refer to the sign ǫ as to the parity of the IR V ǫ p . The weight basis |p,
Noting the relations
along with (2.69), we find
The h=3 case The negative parity representations V − p , 1 ≤ p ≤ h first appear as subrepresentations of the Fock space modules V h+p that admit two invariant submodules isomorphic to them (spanned by {|h + p, m } and {|h + p, h + m } for m = 0, . . . , p − 1 ); they both obey (2.69), (2.71), albeit E and F act differently, their actions being related by an equivalence transformation:
by the direct sum of invariant subspaces is isomorphic to V + h−p . Thus, the subquotient structure of V h+p is described by the short exact sequence
More generally (cf. Figure 1 ), the structure of V N h+p as a U q module can be described by the short exact sequence
and a quotient module which is a direct sum of N copies of V 
4 ; note that the "parity" of the corresponding M -module is that of N . The representations of the extended QUEAŨ q in F q are easily described on the basis of the above analysis.
and 
are both irreducible with respect toŨ q .
Proof Using (2.57) and the relation n h = 0 for n < h , we find
proving (a). On the other hand, E (h) and F (h) , shifting the label m by ±h combine, for N ≥ 1 , otherwise disconnected (equivalent) irreducible U q submodules of subquotients into a single irreducible representation ofŨ q : the relation
where
, and a similar relation involving F (h) , imply (b), for p = h , and the first part of (c), for p < h . (The q-binomial coefficient in the second Eq. (2.80) is a special case of the general formula (2.26) .) The second part of (c) involving
is obtained using
A (partial) information about an indecomposable representation is its content in terms of irreducible modules, independently of whether they appear as its submodules or subquotients. It is captured by the concept of the Grothendieck ring. We write R = R 1 + R 2 if one of the representations in the right hand side is a subrepresentation of R while the other is the corresponding quotient representation, and complete the structure to that of an abelian group by introducing formal differences (so that e.g. R 1 = R − R 2 ) and zero element, given by the vector {0} . To define the GR multiplication, we start with the tensor product of irreducible representations defined by means of the coproduct,
and further, represent each of the (in general, indecomposable) summands in the expansion by the GR sum of its irreducible submodules and subquotients (thus "forgetting" its indecomposable structure).
In the case of the restricted QUEA U q the GR is the commutative ring S 2h generated by the 2h irreducible representations V ± p , 1 ≤ p ≤ h , while the GR forŨ q in F q is generated by the irreducible representations V 
respectively. Note that any V N h+p contains an odd number of irreducible U q modules of type V + and an even number of modules of type V − . The same "parity rule" is respected by the decomposition of theŨ q IRs, described above, in terms of V ± . Although all IRs of U q are contained in F q , the restricted QUEA U q is not represented faithfully in our Fock space. As we shall see in Section 3 below, the expression (2.67) for the Casimir operator C in terms of qp + q −p on F q implies that the radical of the centre Z q of U q is represented trivially on the Fock space. Eq. (2.67) together with the first equation (2.57) allows, on the other hand, to express the central element q hH of U q as a polynomial of degree h in C . Indeed, the easily verifiable relations We end up this section by describing the structure of ideals (and quotients) of the restricted quantum matrix algebra (1.2) and its extensionÃ q ⊃Ũ q . They both admit a sequence of nested ideals
where I N h is generated by all products of the form (a
(the inclusions in (2.89) are opposite to those of (2.88)) are all finite dimensional. We have considered in our earlier work (see, e.g. [4] ) the corresponding h 2 -dimensional Fock space F h = A h |0 which only involves the irreducibles representations V + p of U q and does not admit a non-trivial extension toŨ q .
3 The centre and the fusion ring of U q and of its Lusztig extensionŨ q
In this section we describe:
(1) the pair (U q , D) as finite dimensional (factorizable and quasitriangular, respectively) Hopf algebras; (2) the centre Z q of U q and its relation to the GR of U q andŨ q .
To make the exposition self-contained, we have put together some basic facts and results of [3, 32, 26, 33, 8] (using our conventions), completing occasionally the arguments. Theorem 3.1 and the proofs of Propositions 3.1 and 3.5 are new.
U q as a factorizable Hopf algebra. The Drinfeld map
We begin by recalling the construction [8] of U q as a factorizable Hopf algebra. To begin with, the finite dimensional quantum double (U q b − , U q b + ) possesses an universal R-matrix given by the standard formula
where f νn is defined by (2.48) and
form dual PBW bases of U q b − and U q b + , respectively (the prefactor in e µm being fixed by (2.47)). Let A be an almost cocommutative Hopf algebra; given the universal R-matrix, we can always construct the (universal) M -matrix M that commutes with the coproduct,
A Hopf algebra is called factorizable, if both {m i } and {m i } form bases of it; a finite dimensional quantum double is always factorizable [32] . (The opposite extreme is the case of triangular Hopf algebra for which R 21 = R −1 and hence, M = 1 I ⊗ 1 I .) From (3.1) and (3.2) one readily obtains the R-matrix for the quotient D obtained by the identification k ± ≡ k (2.51) (with k 4h = 1 I ):
It is easy to see that, evaluating the universal R-matrix (3.4) in the tensor square of the two-dimensional representation (2.6) (for k = q H 2 ), one obtains
which coincides with R of (2.15); one uses the summation formula
We shall also give, for completeness, the formula for the finite dimensional counterpart of (2.14):
Note that R f and (R −1
21
) f are of opposite triangularity. The restricted QUEA U q is the Hopf subalgebra of D generated by E , F and q H = k 2 . Its dimension is 2h 3 , a PBW basis being provided e.g. by the elements
Clearly, U q is not even almost cocommutative, since R (3.4) does not belong to its tensor square. Remarkably however, the expression for the corresponding M -matrix obtained from (3.4)
only contains even powers of k and hence, belongs to
where {m i } and {m i } are two bases of U q , and the latter fact implies that U q is factorizable, while its quasitriangular "double cover" D is not. 5 Note that, to comply with our previous conventions for the zero modes, we have chosen here the "dual" Drinfeld double with respect to the one in [8] , keeping the same Hopf structure for U q . In effect, our universal R-matrix (3.4) coincides with R −1 21 of [8] and hence, the M -matrix (3.9) is the inverse of the one given by Eq. (4.4) of [8] (in which there is a wrong q factor that, happily, does not affect the computation of the Drinfeld images (4.6)).
The relation between the "universal" M -matrix (3.9) and the 2×2 monodromy matrix with operator entries M (2.62) is simple and quite natural. Computing (π f ⊗ id) M , we get (by taking first the sums in m ) (π f ⊗id) M = 1 2h
21 can be considered as the monodromy associated to the alternative choice (R −1 21 ) for the R-matrix. Suppose that A is a finite dimensional Hopf algebra (such that an M -matrix M ∈ A ⊗ A exists), and let A * be its linear dual. The importance of the map
(called the Drinfeld map in [8] ) has been clarified in [3] . Factorizable Hopf algebras are those for whichD is a linear isomorphism, so thatD(A * ) = A andD is invertible (the equivalence with the previous definition is a simple exercise of linear algebra).
The space of A-characters
is an algebra under the multiplication defined by (φ 1 . φ 2 )(x) = (φ 1 ⊗ φ 2 ) ∆(x) (for A quasitriangular, this algebra is commutative [3] ). Denote by Z the centre of A , and by A ∆ the subalgebra of A ⊗ A consisting of elements d such that [d , ∆(x)] = 0 ∀x ∈ A . It has been proven by Drinfeld (Proposition 1.2 of [3] ) that
3),D also sends A-characters to central elements; more than that, the restriction of the Drinfeld map on the A-characters has the special property to provide a (commutative) algebra homomorphism Ch → Z (Proposition 3.3 of [3] ),
which, for A factorizable, is in fact an isomorphism (Theorem 2.3 of [33] ). In this case we have an alternative description of the space of characters in terms of more tractable objects -the elements of the centre Z .
3.2
The centre Z q of U q and its semisimple part
The restricted QUEA U q has a (3h − 1)-dimensional centre Z q , cf. [8] , which we proceed to describe, starting with the algebra of the rescaled Casimir operator (2.66). The following Proposition provides a compact expression for the central element q hH , see (3.15) (equivalent to (3.6) of [8] given there without derivation), as well as a proof of (3.16) which only uses the defining relations of U q .
Proposition 3.1 (a) The central element q
hH is related to C by
15)
where T h is the h-th Chebyshev polynomial of the first kind (2.87).
(b) The commutative subalgebra of U q generated by C is 2h-dimensional, the characteristic equation of C being
Proof We shall start by writing the formula (see, e.g., 1.395 in [21] )
for 2 cos t = C (2.66) and e iy =: Z (such that Z 2N = 1) and applying it to the case when C and Z are commuting operators in a finite dimensional space. We find
Two special cases of (3.18): i) N = 2h , Z = 1 I and ii) N = h , Z = q H−1 (for q obeying (2.19) and q 2hH = 1 I ) give 20) respectively. The following relations can be easily proved by induction in r :
(3.21) Setting r = h and using (2.20), we deduce that the product in (3.20) vanishes, proving (a). Further, since T 2m (cos t) = cos 2mt = 2 (T m (cos t)) 2 − 1 , (b) follows from (3.19) and (3.15):
Hence, P 2h is indeed the characteristic polynomial of C ∈ Z q .
Since β 2h−p = β p and β p = β r , 0 ≤ p = r ≤ h , there are only h + 1 different characteristic numbers β s in (3.19) ; noting that β 0 = 2 = −β h , one can write
where U m (x) , m ≥ 0 are related to the Chebyshev polynomials of the second kind,
As it is easy to see, U m satisfy the recursion relation
so that all U m are monic polynomials and deg
p=1 (x − β p ) simply follows from here since, by (3.24) , 
The following standard consideration shows that the expansion (3.26) is actually unique, with e s , w p (expressible as polynomials of degree 2h − 1 in C) satisfying (3.26) . To this end we introduce the polynomials Q (0) (x) and Q (h) (x) (of degree 2h−1 ) and
It follows from (3.26) that
for any (polynomial) function f of C . Using, further,
we find the relations
which one can solve for w p and e p .
The centre Z q is not exhausted by the 2h-dimensional space of polynomials of the Casimir operator. The algebra U q admits a Z-gradation such that deg(q H ) = 0 , deg(E) = 1 , deg(F ) = −1 and, due to (2.20), only 2h − 1 of the homogeneous subspaces are nontrivial:
q , it is clear that Z q is the subalgebra of the 2h 34) leads to its decomposition in terms of the idempotents t s projecting on the eigenspaces corresponding to the eigenvalues q s , 0 ≤ s ≤ 2h − 1 :
Introduce the projectors [26, 8] 
(one has, in particular, π
The projectors π ± p themselves do not belong to Z q , but one can check that the products 
Thus the (3h − 1)-dimensional centre Z q of U q is spanned by the h + 1 idempotents e 0 , e 1 , . . . , e h−1 , e h , and the 2(h − 1) nilpotent elements w ± 1 , . . . , w ± h−1 forming its radical (the largest nilpotent ideal):
The centre of U q is not represented faithfully in our Fock space F q where, as it follows from Eq. (2.67), C satisfies in fact the polynomial equation of degree h + 1 
Drinfeld map of canonical U q characters
A balancing element g ∈ A is a group-like element, ∆(g) = g ⊗ g , satisfying
(for a general Hopf algebra, its existence is not granted, and it may be not unique). U q admits exactly two different balancing elements, q H and q (h+1)H (related by multiplication with a central element); we shall choose in what follows g = q H . A canonical A-character (or q-character) Ch g V is defined, for a given balancing element g and any finite dimensional representation π V of A , by
Any q-character satisfies the condition (3.12) (and hence, Ch
Note that both the Grothendieck ring (whose definition has been recalled in Section 2.3) and the q-characters do not depend on the reducibility of the representations. Moreover, the following property holds. where (
The proof uses the identity π V1⊗V2 = (π V1 ⊗ π V2 ) ∆ , the group-like property of the balancing element g (3.44) implying ∆(g
, and the equality T r(A ⊗ B) = T rA T rB .
The algebra of the q-characters of U q is a proper subalgebra of Ch in the sense that there are U q characters that are not traces of representations generated (by taking sums and tensor products) from the set {V ǫ p } (2.68) of irreducible ones. Indeed, as it will become clear, the algebra of q-characters of U q is isomorphic to the algebra generated by the Casimir operator C and hence has dimension 2h , while Ch , being isomorphic to the whole centre Z q , is (3h − 1)-dimensional. Spanning the whole space of characters requires thus taking, in addition, into account some "pseudotraces" (cf. [11, 19] ) over (indecomposable) projective modules.
The existence of an M -matrix for U q allows to define a map from the GR S 2h to the centre
see (3.11). Drinfeld's proof of (3.14) implies the following commutative algebra homomorphism S 2h → Z q :
The Drinfeld images of the U q irreducible characters
are given by 
To prove (3.52), one uses (3.21), (2.67) and (2.69) to derive
) are thus given, in view of (3.9) and (3.52), by
For ǫ = +1 , taking the sum over m makes the summation in n automatic; on the other hand, assuming ǫ = −1 (= q h ) is equivalent to multiplying the result for ǫ = +1 by − q hH , arriving eventually at (3.51).
We find, in particular,
The result for d + 2 could have been foreseen from (3.10), since
cf. (2.66). Note that the alternative choice of the balancing element (g = q H+1 , as in [8] ) would lead to the opposite sign in (3.56), cf. (4.7) of [8] .
It turns out that the Drinfeld images of the canonical characters are insensitive to the change M ↔ M −1 . The fact that the expression
coincides with (3.54) follows e.g. from the observation that it reproduces the values (3.55) for d . This is confirmed by the following trivial calculation:
The Grothendieck ring of U q and ofŨ q
It has been shown in [8] that the multiplication rules for the GR S 2h in terms of the irreducible representations of U q are and V + 2 only; indeed, the following subset of relations (3.59) is sufficient for the recursive reconstruction of the whole set:
The Fock space representation makes it natural to express the GR fusion rules of both U q andŨ q in terms of the infinite number of representations V p generated by homogeneous polynomials of a decomposition (3.61) .
Remark 3.1 The content of the right hand side of (3.61) can be already anticipated by interpreting the results of [30, 12] about the tensor product expansion of two irreducible V p (i.e., for 1 ≤ p ≤ h ) "from the GR point of view", or by taking into account the well known fact that a relation analogous to (3.61) holds (again for tensor products but this time without restriction on p ) for q generic when all the representations V p are irreducible; in the GR context, one can expect it to remain true after specializing q to a root of unity as well.
Proof (a) Since the subset of relations (3.61) for p ′ = 1, 2 implies all the rest, it is sufficient to prove only these using (2.83) and (3.60), which is a straightforward calculation. Conversely, to show that (3.60) (and hence, (3.59)) follow from (3.61), one uses (2.83) to express V
To do this, one should consider (3.61) and (3.59) -defining, strictly speaking, a semiring that can be extended, however, in a unique way to a true ring -as relations in the Grothendieck fusion algebra. For the present purpose it suffices to consider the latter over Q but, having in mind the relation with Z q , it is appropriate to extend it as an algebra over C .
(b) The first part of the proposition follows from the description, given in Section 2.3, of the U q content of theŨ q irreducible modules, combined with the easily verifiable fact that the additive subgroup of S 2h characterized by an even number of IR of type V − is also closed with respect to (Grothendieck) multiplication; note that, in the case ofŨ q , we have in mind the true ring structure (as a "module over the integers") of S 2h . The second assertion, which is in agreement with (3.62), follows from the "bosonic nature" of V p , see (2.83).
It is clear that the relations contained in the infinite set (3.61) are not independent, and the following construction (cf. [8] ) illustrates this in a nice way. Since the Drinfeld map D relates, as an isomorphism of associative commutative algebras [3, 33, 8] , S 2h to the 2h-dimensional subalgebra of the centre generated by the Casimir operator (2.66),
the algebra of the corresponding central elements provides in the same time a description of the U q GR S 2h . From (3.61) for p ′ = 2 and (3.55) one derives
where U p (x) are the Chebyshev polynomials of the second kind (3.24) satisfying (3.25). Using (2.83) for N = 0 and (3.62), one sees that the Drinfeld images (3.50) of the U q irreducible representations are given by
We end up this section with the proof of two important propositions announced in [8] . The following characterization of the GR S 2h provides an important application of the expression (3.23) for P 2h . 
(3.65)
The polynomial P 2h (x) coincides with the one defined by (3.16) .
Proof One can easily check indeed, see [8] , that with (3.64) and (3.25) one automatically reproduces all the relations (for the corresponding Drinfeld images) in (3.60), except for the (last) one for V − h . V + 2 which requires that the product
should be equal to
and hence, P 2h (C) = 0 . To demonstrate that the two definitions (3.65) and (3.16) of P 2h (x) coincide, one uses (3.24) and (2.87) to derive
and then applies (3.19).
The decomposition (3.26) shows that the subalgebra D 2h ⊂ Z q is generated by {e s } h s=0 and {w p } h−1 p=1 . Its radical, hence, is of dimension (h − 1) , being spanned by {w p } h−1 p=1 . The annihilator K h+1 of the radical of D 2h is (h + 1)-dimensional, including the elements of the radical itself, and also e 0 and e h , see (3.41). Let K h+1 be the ideal of the GR S 2h spanned by
is the "Verma-module ideal" of [8] ; it is easy to see, using (3.60) , that the Grothendieck products with V + 2 of the set of the h-dimensional spaces (3.67) are expressed again as sums of the latter, so that indeed S 2h . K h+1 ⊂ K h+1 . Using (3.29) and (3.64), one can prove the following 
or, equivalently,
(cf. (3.29) ). Since, for any r , U r (β s ) = U r (2 cos sπ h ) =
[rs]
[s] , it follows that
and
This means that all the coefficients of {e s } h−1 s=1 in the right hand sides of Eqs. (3.69) are zero, so that any element of D(K h+1 ) annihilates the radical of D 2h . On the other hand, the coefficients of e 0 and e h in (3.69) are simply given by (q t −q −t ) 2 , so that the Drinfeld images (3.68) are given by is invertible, as its determinant
does not vanish. Thus the set {κ r } h r=0 provides another basis of the annihilator K h+1 of the radical of 
for primary fields of isospins 0 ≤ I, I ′ ≤ It follows from the very definition of the R-matrix as an intertwiner between the, say U q , coproduct and its opposite, and of the braid operator,R = RP , where P stands for permutation, that the braid group B n realized in the n-fold tensor product of aŨ q module V p , belongs to the commutant of theŨ q action. This provides a correspondence between the representations ofŨ q and B n which can be viewed as a deformation of the well known Schur-Weyl duality between the representations of U (k) (or GL(k, C) ) and the permutation group S n , both acting in the n-fold tensor power of C k . The knowledge of the p-dimensional realization of B 4 in the space of su(2) current algebra blocks allows to establish another type of duality relation between QUEA and braid group representations. Such a relation has been studied in the case of (unitary) irreducible representations ofŨ q , corresponding to integrable su(2) h−2 modules. The set of associatedŨ q -covariant chiral primary fields, however, is not closed under fusion. Thus, we have to study the above relation for indecomposable current algebra andŨ q modules as well. We do this in Section 4.2 for the group B 4 acting on the space S 4 (p) of 4-point blocks which we proceed to introduce.
Let F (p) be a p-dimensional (unitary) irreducible SU (2) module characterized by its isospin I p or weight 2I p = p − 1 , and carries an IR of B 4 .
We thus see that the indecomposable representations V N h+p (ofŨ q ) and S 4 (N h + p) (of B 4 ) contain the same number (two) of irreducible components (of the same dimensions), but the arrows of the exact sequences (2.77) and (4.11) are reversed. This sums up the meaning of duality for indecomposable representations.
For p = h − 1 , the B 4 invariance and irreducibility of the space S(N, 1) spanned by { f (ξ, η) is a polynomial [24] ) and gives rise to a local extension of the su(2) h−2 current algebra whose superselection sectors involve direct sums of the type 17) where S(1, p) is the p-dimensional invariant subspace of S 4 (2h − p) .
Concluding remarks
It has been argued in [8, 9] that a Kazhdan-Lusztig type correspondence holds between the Grothendieck fusion rings of the logarithmic c 1p minimal model and of the restricted QUEA U q . Theorem 4.1, proven in the preceding subsection, indicates the presence of a more precise duality relation between monodromy representations of the braid group acting on solutions of the KZ equation and the Fock space representations V p ofŨ q , involving arrow reversal in the exact sequences describing the corresponding indecomposable structures. This result should motivate further study of chiral current algebra models beyond the unitarity limit that may reveal the CFT counterpart of more structures of thẽ U q tensor category (such as the Drinfeld map) studied in Section 3.
